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Abstract
The main purpose of this paper is to give an explicit formula for the
volumes of indefinite ternary lattices with square free discriminant. We
also consider several examples of lattices, for which the fundamental do-
main is well-known and make sure the results obtained by our computation
coincide with the known ones.
Introduction
For the detailed description of everything mentioned here we refer to [1], [2].
Let (V,Q) be a quadratic space over Q, dim(V)=n ≥ 3 and (r,s) be the
signature of (V⊗R,Q). Also, O(r,s) denotes the orthogonal group O(V⊗R,Q)
and SO0(r, s) denotes the connected component of O(r,s). The quotient space
X = O(r, s)/O(r)×O(s) = SO0(r, s)/SO(r)× SO(s)
is isomorphic to a non-compact symmetric space of dimension rs.
Consider the compact symmetric space XV = O(r + s)/O(r)×O(s) dual to
X . It is well-known that X embeds into the compact dual XV as an open
domain ([3]).
Let L be an integral lattice in (V, Q) (that is (x, y) = 12 (Q(x+ y)−Q(x)−
Q(y)) ∈ Z ∀x, y ∈ L). O(L) = {g ∈ O(r, s) | gL = L} denotes an arithmetic
discrete subgroup of O(r, s) and O(L) \O(r, s) and O(L)\X have finite volumes
for the O(r, s)-invariant volume forms. Let us choose the volume form Vol() on
the domain X and on the compact dual XV that coincide at the common point
O(r)×O(s) of both domains.
Consider two invariants assigned to the lattice L.
Definition 1. The normalised Hirzebruch-Mumford volume of the lattice L is
VolHM(O(L)) =
Vol(O(L) \X)
Vol(XV )
It is the first invariant.
Definition 2. Let S ∈Matn×n(Q) be the Gram matrix of L, p - prime number.
The local density of L is
αp(S) =
1
2
lim
r→∞
p−
rn(n−1)
2 | {X ∈Matn×n(Zp) mod pr; XtSX ≡ S mod pr} |
1
The second invariant is
∏
p
αp(L)
−1 where the product is taken over all primes
p
Siegel found the connection between these two invariants.
Theorem 1 (Siegel’s formula). [2], [6] Let L be an indefinite lattice of rank ρ
≥ 3, gsp – the number of spinor genera in the genus of L. Then the normalised
volume of O(L) is equal to
VolHM(O(L)) =
2
gsp
· | detL |(ρ+1)/2
ρ∏
k=1
π−k/2Γ(k/2)
∏
p
αp(L)
−1
Theorem 2 (Kneser). [5]
Let L be an indefinite lattice. Suppose the genus of L contains more than one
class. Then there exists a prime p such that the quadratic form of L can be
diagonalised over Zp, and all the diagonal entries consist of different powers of
p.
Corollary 1. Suppose rank(L) ≥ 3 and det(L) is square free. Then the genus
of L coincides with the class of L. In particular, gsp = 1.
Computation of densities
In [4] we can find the following theorems.
Let L =
⊕
j∈Z Lj , Lj is a p
j-modular lattice of rank nj ∈ Z≥0. Let
ω :=
∑
j
jnj((nj + 1)/2 +
∑
k>j
nk) , Pp(n) :=
n∏
i=1
(1− p−2i)
χ(W ) :=


0, if dim W is dd
1, if W is a hyperbolic space
−1, otherwise
Theorem 3. Let p 6= 2, then
αp(L) = 2
s−1pωPp(L)Ep(L)
where s is the number of non-zero pj-modular term of Lj in Jordan decomposi-
tion of L,
Pp(L) =
∏
j
Pp([nj/2]), Ep(L) =
∏
j,Lj 6=0
(1 + χ(Nj)p
−nj/2)−1,
Nj - unimodular lattices corresponding to Lj (it means that Lj = Nj(p
j)).
Each unimodular lattice over Z2 is an orthogonal sum N = N
even ⊕ Nodd
of even and odd sublattices. Here rank(Nodd) ≤ 2. N even is a sum of several
hyperbolic planes and, perhaps, one lattice
(
2 1
1 2
)
.
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Theorem 4. Let q =
∑
j
qj,
qj =


0, if Nj is even
nj , if Nj is odd and Nj+1 is even
nj + 1, if Nj and Nj+1 are odd
P2(L) =
∏
j
P2(rank(N
even
j /2)), E2(L) =
∏
j
E−1j
where
Ej =
1
2
(1 + χ(N evenj )2
−rank(Nevenj )/2)
if both Nj−1 and Nj+1 are even, except the case when N
odd
j
∼= 〈ε1〉 ⊕ 〈ε2〉, ε1 ≡
ε2 mod 4. In all other cases let Ej = 1/2. Then the local density α2(L) is equal
to:
α2(L) = 2
n−1+ω−qP2(L)E2(L)
Computation of volume of indefinite ternary lat-
tice with square free discriminant
Definition 3. (Watson moves Ep(L), Fp(L))
Ep(L) = L+ p
−1L ∩ pL∗ ⊂ L⊗Q, where L∗ is the dual lattice of L.
Fp(L) = Ep(
√
pL).
For the detailed description of Watson moves we refer to [7]. Notice, that
the scalar products of vectors in Ep(L) are integer, so Ep(L) – quadratic lattice,
and O(L) ⊂ O(Ep(L)).
Proposition 1. Each indefinite ternary lattice embeds into a maximal lattice
with square free discriminant.
Proof. Let L = L0 ⊕ [p]L1 ⊕ [p2]L2 ⊕ . . . be the Jordan decomposition of L.
(Ep(L))q = Lq, q 6= p, (Ep(L))p = L0⊕ [p]L1⊕ (L2⊕ [p]L3⊕ . . .). So, in each p-
th component starting from p2 the degree of the corresponding invariant factor
decreases by 2. Now let us apply sufficient number of operations Ep for every p
dividing the discriminant of L. We obtain that the lattice L is embedded into
L′, and all invariant factors of L′ are square free. If the discriminant of L′ is
not square free yet, there exists p such that rank(L1) ≥ 2. Now let us apply
Fp to L
′. (Fp(L))q = Lq, q 6= p. (Fp(L))p = L1 ⊕ [p]L0. Fp(Fp(L)) = L, so
O(L) = O(Fp(L)). So, after applying sufficient number of Fp, we get the desired
lattice.
Theorem 5. Let L be an indefinite ternary lattice with square-free discriminant
d. The normalised volume of L is equal to
V =


1
3·2ω(d)+2
∏
p|d,p6=2
(p± 1) for even lattices, 2|d
1
2ω(d)+3
∏
p|d,p6=2
(p± 1) for odd lattices, 2|d
2±1
3·2ω(d)+4
∏
p|d
(p± 1) for 2 ∤ d
3
where ω(d) is a number of prime divisors of d. The sign plus for p 6= 2 is chosen
iff the corresponding unimodular component represents 0 over Zp. The sign plus
in the last formula for p = 2 is chosen iff d = −1 mod 4, ε2(L) = 1 or d = 1
mod 4, ε2(L) = −1 ( ε2(L) – Hasse invariant over Q2).
Proof. By corollary 1 the genus of L coincides with it’s spinor genus and class,
so gsp = 1
V = 2d2
3∏
k=1
π−k/2Γ(k/2)
∏
a−1p =
d2
π2
∏
α−1p
We study the Jordan decomposition of L over Zp.
For p ∤ d the lattice is unimodular of rank 3, so αp = (1 − p−2).
Consider the case p|d, p 6= 2. L = L0 ⊕ [p]L1, rank(L0) = 2, rank(L1) = 1
The local densities αp are equal to
ap = 2p(1− p−2)(1 + χ(L0)p−1)−1
χ(A) = 1, if A ∼
(
0 1
1 0
)
, χ(A) = −1 otherwise.
L0 ∼
(
0 1
1 0
)
iff the quadratic form, corresponding to L0, represents 0. It
happens iff det(L0) = −1.
So, αp = 2p(1− p−2)(1± p−1)−1, the sign plus is chosen when the quadratic
form represents 0, otherwise the minus sign is chosen.
Consider the case of even d.
The Jordan decomposition of L is

a bb c
2ǫ

, where in the upper left
corner there is an unimodular component of rank 2, ǫ is a unit in Zp.
If this unimodular component is odd, then rank(N even0 ) = rank(N
even
1 ) = 0,
E−1 = E0 = E1 = E2 =
1
2 , so α2 = 2
3−1+1−424 = 23.
If this unimodular component is even, then E0 = E2 =
1
2 , E1 = 1, rank(N
even
0 ) =
2, rank(N even1 ) = 0, so α2 = 2
3−1+1−1(1− 2−2)22 = 24(1− 2−2).
Combining this, we get
V ol(O(L)) =
d2
π2
∏
p∤d
(1−p−2)
∏
p|d,p6=2
1
2p
(1−p−2)−1(1±p−1)
{
2−4(1 − 2−2)−1 for even lattices
2−3 for odd lattices
V ol(O(L)) =


1
3·2ω(d)+2
∏
p|d,p6=2
(p± 1) for even lattices
1
2ω(d)+3
∏
p|d,p6=2
(p± 1) for odd lattices
where ω(d) is the number of prime divisors of d.
Consider the case of odd d.
All densities except α2 are the same as in the previous case.
The lattice is unimodular, rank(N even0 ) = 2, E−1 = E1 =
1
2 , E0 =
1
2 (1±2−1),
the sign plus is chosen iff N even0 is a hyperbolic plane. N
even
0 is a hyperbolic
plane iff ε2(L) = ε2(U⊕ < −d >) (since the determinants of the left and the
4
right hand sides coincide and are equal to d). ε2(U⊕ < −d >) = (−1)ǫ(−d),
ǫ(−d) =
{
0 for d = −1 mod 4
1 for d = 1 mod 4
.
So the sign plus is chosen when d = −1 mod 4, ε2(L) = 1 and d = 1
mod 4, ε2(L) = −1. In all other cases the minus sign is chosen.
α2 = 2
3−1+0−3(1 − 2−2) · 23(1 ± 2−1)−1 = 22(1− 2−2)(1 ± 2−1)−1.
Combining this, we obtain
V ol(O(L)) =
d2
π2
∏
p∤d
(1−p−2)
∏
p|d
1
2p
(1−p−2)−1(1±p−1)2−2(1−2−2)−2(1±2−1)
V ol(O(L)) =
2± 1
3 · 2ω(d)+4
∏
p|d
(p± 1)
Examples
In this section we compute the volumes of some specific lattices. Fundamental
domains for them are known, so we can compare the results obtained by our
computation with the areas of the fundamental domains and make sure they
coincide. We note that in case of signature (2, 1) the volume of XV is equal to
4π. For the general case we refer to [2].
L=〈2〉 ⊕ U
The lattice is even, the discriminant is even, ω(d) = 1. Using theorem 5, we
get VolHM(L) =
1
3·23 . On the other hand, the fundamental domain for the
orthogonal group of this lattice is a triangle with angles π∞ ,
π
3 ,
π
2 . So, the area
of this triangle is π6 . Hence the normalised volume is
π
6 · 14π = 124 and that is
exactly what we need.
L=〈6〉 ⊕ U
The lattice is even, the discriminant is even, ω(d) = 2. Using theorem 5, we get
VolHM(L) =
1
3·24 (3 + 1). We notice that the unimodular component is equal to
the hyperbolic plane over Z3, so it represents 0. That’s why we choose the plus
sign. On the other hand, the fundamental domain for the orthogonal group of
this lattice is a triangle with angles π∞ ,
π
6 ,
π
2 . So, the area of this triangle is
π
3 .
Hence the normalised volume is π3 · 14π = 112 as well.
L=〈4〉 ⊕ U
We notice that the discriminant of this lattice is not square free. It means that
this lattice embeds into a maximal lattice L′ = 〈1〉 ⊕ U . It is unimodular and
odd. Using theorem 5, we get VolHM(L
′) = 2+13·24 . N
even
0 = U , that’s why we
choose the plus sign. The fundamental domain of O(L) is a triangle with angles
π
∞ ,
π
4 ,
π
2 . It’s area is
π
4 . Hence the normalised volume of L is
π
4 · 14π = 116 . It
coincides with the normalised volume of L, so the genus of L coincides with it’s
class.
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L=6x2 − y2 − z2
The discriminant d = 6, the lattice is odd, ω(d) = 2. Using theorem 5, we get
VolHM(L) =
3−1
25 . −y2 − z2 doesn’t represent 0 over Z3, because it’s discrim-
inant is equal to 1. The discriminant of U equals −1, (−13 ) = −1, so it can’t
be equivalent to a hyperbolic plane. That’s why we choose minus sign. The
fundamental domain is a quadrangle with angles π2 ,
π
2 ,
π
2 ,
π
4 . It’s area is
π
4 .
Hence the normalised volume is π4 · 14π = 116 . That is exactly what we need.
L=11x2 − y2 − z2
The discriminant d = 11, the lattice is odd, ω(d) = 1. We get VolHM(L) =
(2−1)(11−1)
3·25 . −y2 − z2 doesn’t represent 0 over Z11, because it’s discriminant is
equal to 1. The discriminant of U is −1, (−111 ) = −1. That means that U is
not equivalent to −y2 − z2, so we choose the minus sign for 11. We notice that
d = 11 = −1 mod 4, ǫ2(L) = (−1, −1)2 = −1, so we choose the minus sign for
2 as well. The fundamental domain is a quadrangle with angles π2 ,
π
2 ,
π
3 ,
π
4 .
It’s area is 5π12 . Hence the normalised volume is
5π
12 · 14π = 548 as well.
L=3x2 − 5y2 − z2
The lattice is odd, d = 15, ω(d) = 2. Using theorem 5, we get VolHM(L) =
2−1
3·26 (3 + 1)(5 − 1). The determinant of the unimodular component is equal to
−3 over Z5,
(
−3
5
)
= −1, det(U) = −1, (−15 ) = 1, so they are not equivalent.
That’s why we choose the minus sign for 5. The determinant of the unimodular
component is equal to 5 over Z3,
(
5
3
)
=
(
3
5
)
= −1, det(U) = −1, (−13 ) = −1, so
they are equivalent. That’s why we choose the plus sign for 3. The fundamental
domain is a quadrangle with angles π2 ,
π
2 ,
π
2 ,
π
6 , so it’s area is
π
3 . Hence the
normalised volume is π3 · 14π = 112 as required.
L=

 2 −2 0−2 2 −1
0 −1 2


The lattice is even, d = −2, ω(d) = 1. Using theorem 5, we get VolHM(L) = 13·23 .
Then not normalised volume is π6 . The fundamental domain is a triangle with
angles π2 ,
π
3 ,
π
∞ . It’s area is
π
6 . Hence the normalised volume is
π
6 · 14π = 124 as
we need.
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